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Corrigendum: “On the Floer homology of
cotangent bundles”
Alberto Abbondandolo and Matthias Schwarz
Abstract
We fix an orientation issue which appears in our previous paper about
the isomorphism between Floer homology of cotangent bundles and loop
space homology. When the second Stiefel-Whitney class of the underlying
manifold does not vanish on 2-tori, this isomorphism requires the use of
a twisted version of the Floer complex.
Introduction
The aim of this “Corrigendum” is to fix an issue with orientations which appears
in our paper [1]. In this paper, we consider a fiber-wise time-periodic uniformly
convex and asymptotically quadratic Lagrangian function L ∈ C∞(T × TM)
on the tangent bundle of a closed oriented manifold M and its Legendre-dual
Hamiltonian H ∈ C∞(T× T ∗M). Then we construct an isomorphism from the
Morse complex of the Lagrangian action functional, which is given by L, to the
Floer complex, which is associated to H and to an almost complex structure
which is compatible with the standard symplectic form ω of T ∗M . We deal
with both periodic and Dirichlet boundary conditions. In the periodic case, the
existence of this isomorphism implies that the homology of the Floer complex,
or equivalently the symplectic homology of the unit cotangent disc bundle D∗M ,
is isomorphic to the singular homology of Λ(M), the free loop space of M . This
result had been previously proved by different methods by C. Viterbo [11] and
by D. Salamon and J. Weber [9]. In the Dirichlet case, the corresponding Floer
homology is isomorphic to the singular homology of the based loop space of M .
However, a recent work of T. Kragh [7] has highlighted some sign discrepan-
cies between symplectic homology of cotangent disc bundles, defined by standard
conventions regarding signs, and loop space homology (see also [8]). P. Seidel has
confirmed the existence of these discrepancies in the informal note [10], where
he shows that, again using standard conventions, the symplectic homology of
the cotangent disc bundle of CP2 over a field of characteristic different from two
vanishes, so in particular it is not isomorphic to the singular homology of the
loop space of CP2 over the same field. M. Abouzaid has clarified this issue, by
showing that when the second Stiefel-Whitney class of M does not vanish on
2-tori, the isomorphism between symplectic homology of D∗M and singular ho-
mology of the free loop space of M requires either to use a non-trivial system of
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local coefficients for the singular homology of Λ(M), or to change the definition
of symplectic homology by a twist (see [3, Section 3]).
This means that the isomorphism Θ that we construct in our Theorem 3.1 in
[1] fails to be a chain map in the periodic case, when the second Stiefel-Whitney
class of M does not vanish on 2-tori. After a careful inspection of our proofs,
we can now clarify the source of the mistake in [1]: in order to orient the spaces
of half-cylinders
u : [0,+∞[×T −→ T ∗M
on which the definition of Θ is based, we use the fact that the orientation
of the determinant line which is associated to the linearization of the Floer
equation along u does not depend on the choice of the vertical-preserving unitary
trivialization of u∗(TT ∗M) coinciding with a given one at {+∞} × T. Such
a trivialization is used in order to produce a Fredholm operator between fixed
Banach spaces. However, in order to prove that Θ is a chain map, one would need
the same fact for a more general class of trivializations: the hypothesis that the
trivialization should be vertical-preserving should be required only at {0} × T.
This is due to the fact that if v : R×T→ T ∗M is a Floer cylinder which joins two
given periodic orbits, along which two vertical-preserving unitary trivializations
of TT ∗M have been fixed, it is always possible to find a unitary trivialization
of v∗(TT ∗M) which agrees with the given ones at {−∞} × T and {+∞} × T,
but in general we cannot require this trivialization to be vertical-preserving.
The latter fact had been correctly noticed in [1], but we had overlooked its
consequence, namely that this requires to use the above more general class of
trivialization also for half-cylinders. However, the invariance of the orientation
of the determinant line with respect to this more general change of trivialization
is simply not true, as we show in Proposition 1.2 below.
Using this proposition, we then explain how our Theorem 3.1 can be cor-
rected by replacing the standard Floer complex by a twisted version of it, exactly
as M. Abouzaid does in [3], but using the different approach for dealing with
orientations that we use in our original paper [1] (which is essentially an adap-
tation of A. Floer and H. Hofer’s approach to the particular case of cotangent
bundles, see [5]).
The part of Theorem 3.1 which concerns Dirichlet boundary conditions needs
no correction.
Acknowledgments. We wish to thank P. Seidel for sharing with us his un-
published computations [10] on the symplectic homology of D∗CP2. We are
particularly grateful to M. Abouzaid for patiently discussing with us the issue
which we fix in this “Corrigendum”. The present work is part of the authors’
activities within CAST, a Research Network Program of the European Science
Foundation.
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1 The effect of certain unitary conjugacies on
a class of Cauchy-Riemann operators on half-
cylinders
Let R2n = Rn × Rn be endowed with the standard symplectic structure
ω0 = dp ∧ dq, (q, p) ∈ R
n × Rn,
and with the standard complex structure
J0 =
(
0 I
−I 0
)
.
The symbol λ0 denotes the vertical Lagrangian subspace (0)× R
n, and
W 1,pλ0 (]0,+∞[×T,R
2n)
denotes the space of maps u :]0,+∞[×T → R2n of Sobolev class W 1,p whose
trace on the boundary {0} × T is λ0-valued.
Let gl(2n) be the vector space of linear endomorphisms of R2n. The symbol
Σ+ denotes the space of linear operators
D+S :W
1,p
λ0
(]0,+∞[×T,R2n)→ Lp(]0,+∞[×T,R2n)
of the form
u 7→ ∂su− J0∂tu− S(s, t)u,
where
S ∈ C0([0,+∞]× T, gl(2n))
is such that S(+∞, t) is symmetric for every t ∈ T, and the loop S(+∞, ·) is
non-degenerate, meaning that γ(1) does not have the eigenvalue 1, where γ is
the path of symplectic matrices which solves the linear Cauchy problem
d
dt
γ(t) = J0S(+∞, t)γ(t), γ(0) = I.
If 2 < p <∞, D+S is a Fredholm operator of index −µCZ(γ), minus the Conley-
Zehnder index of the symplectic path γ (see [1, Theorem 3.4]).
Let Sym(2n) be the vector space of symmetric linear endomorphisms of R2n.
If S+ ∈ C0(T, Sym(2n)) is a non-degenerate loop, the symbol Σ+(S+) denotes
the subspace of all DS ∈ Σ
+ with given asymptotics S(+∞, ·) = S+. Since
Σ+(S+) is contractible (being star-shaped), the restriction of the determinant
bundle to it, that we denote by det(Σ+(S+)), is trivial, hence orientable.
We recall that the determinant line of a Fredholm operator A is the one-
dimensional real vector space
det(A) := Λmax(kerA)⊗ Λmax
(
(cokerA)∗
)
,
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where Λmax(V ) denotes the top exterior power of the finite dimensional real
vector space V . The collection of the determinant lines of all Fredholm operators
from a Banach space E to a Banach space F has the structure of a smooth real
line bundle over the space Fred(E,F ) of Fredholm operators, which is known
as the determinant bundle and is denoted by det(E,F ). Two isomorphisms
Φ : E ∼= E′ and Ψ : F ∼= F ′ induce a canonical smooth line bundle isomorphism
det(E,F )→ det(E′, F ′) lifting the diffeomorphism
Fred(E,F )→ Fred(E′, F ′), A 7→ ΨAΦ−1.
Let us identify R2n with Cn by the mapping (q, p) 7→ q+ ip. Let U(n) be the
unitary group of Cn. The subgroup of U(n) of automorphisms which preserve
the vertical subspace λ0 = iR
n is precisely O(n), the orthogonal group of Rn,
whose elements are extended to Cn by complex linearity. If we also impose that
the restriction to λ0 should be orientation-preserving, we obtain the subgroup
SO(n).
We wish to study the behavior of the determinant line of the operator D+S
by conjugation by an (s, t)-dependent unitary transformation. We recall that
the extended real line [−∞,+∞] is given the differentiable structure which is
induced by the homeomorphism [−∞,+∞] ∼= [−π/2, π/2] which extends the
function s→ arctan s. If U ∈ C∞([0,+∞]× T,U(n)) then
U(∂s − J0∂t − S)U
−1 = ∂s − J0∂t − (∂sU)U
−1 + J0(∂tU)U
−1 − USU−1. (1)
In particular, if U(0, t) ∈ O(n) and U(+∞, t) = I for every t ∈ T, then the
left multiplication by U−1 is an automorphism of W 1,pλ0 (]0,+∞[×T,R
2n), the
left multiplication by U is an automorphism of Lp(]0,+∞[×T,R2n), and the
operators DS and UDSU
−1 belong to the same space Σ+(S+).
At the end of Section 3.2 in [1], we deal with “the analogue of Lemma 13 in
[5]”. In the context of that section, this refers to the following proposition:
Proposition 1.1. Let S+ ∈ C0(T, Sym(2n)) be a non-degenerate loop. Let
U ∈ C∞([0,+∞]× T, SO(n)) be such that U(+∞, t) = I for every t ∈ T. Then
the canonical lift to the determinant bundle of the map
Σ+(S+)→ Σ+(S+), D+S 7→ UD
+
SU
−1,
is orientation preserving.
This Proposition is indeed correct and easy to prove, by a simple homotopy
argument. However, in order to prove that the isomorphism Θ of Theorem 3.1
in [1] is a chain map, one would need an analogous statement for a more general
class of conjugacies U : U should be in C∞([0,+∞] × T,U(n)) and such that
U(+∞, t) = I, U(0, t) ∈ SO(n) for every t ∈ T (the reason for this is explained
in Section 3 below). But the canonical lift to the determinant bundle of the map
D+S 7→ UD
+
SU
−1 need not be orientation-preserving when U is in the latter more
general class. Indeed, the correct generalization of Proposition 1.1 to the above
class of conjugacies is:
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Proposition 1.2. Let S+ ∈ C0(T, Sym(2n)) be a non-degenerate loop. Let
U ∈ C∞([0,+∞]×T,U(n)) be such that U(+∞, t) = I and U(0, t) ∈ SO(n) for
every t ∈ T. Then the canonical lift to the determinant bundle of the map
Σ+(S+)→ Σ+(S+), D+S 7→ UD
+
SU
−1, (2)
is orientation preserving if and only if either
1. n = 1, or
2. n = 2 and the homotopy class of the loop U(0, ·) in SO(2) is an even
multiple of the generator of π1(SO(2)) = Z, or
3. n ≥ 3 and the loop U(0, ·) is contractible in SO(n).
Since SO(1) = {1}, π1(SO(2)) = Z and π1(SO(n)) = Z2 for every n ≥ 3,
conditions (i), (ii) and (iii) can be restated in a unified way by saying that the
loop U(0, ·) in SO(n) lifts to a loop in the two-fold covering Spin(n) of SO(n).
The proof of this proposition is rather long and is presented in Section 4 below.
It is based on homotopy arguments, together with some explicit computations
which are similar to those appearing in [4] and in the proof of [6, Proposition
8.1.7].
2 The twisted Floer complex
In this section we recall how signs are determined in the definition of the stan-
dard Floer complex for periodic Hamiltonian orbits on the cotangent bundle of
a closed manifold, and we explain how this definition can be modified in order to
obtain a twisted Floer complex. The latter definition agrees with the one given
by M. Abouzaid in [3, Secton 3], which however is presented using a different
and more intrinsic approach. Here we prefer to rephrase everything using the
approach and the notation of [1].
If S−, S+ ∈ C0(T, Sym(2n)) are two non-degenerate loops, Σ(S−, S+) de-
notes the space of all operators of the form
DS :W
1,p(R× T,R2n)→ Lp(R× T,R2n), DSu := ∂su− J0∂tu− S(s, t)u,
where S ∈ C0(R× T, gl(2n)) has asymptotics
S(−∞, ·) = S−, S(+∞, ·) = S+.
The space Σ(S−, S+) consists of Fredholm operators and the restriction of the
determinant bundle to it, that we denote by det(Σ(S−, S+)), is trivial, hence
orientable.
Two orientations o(S1, S2) and o(S2, S3) of det(Σ(S1, S2)) and det(Σ(S2, S3))
can be glued and induce an orientation
o(S1, S2)#o(S2, S3)
5
of det(Σ(S1, S3)). Such a gluing construction is associative. A coherent orienta-
tion for Σ is the choice of an orientation o(S−, S+) of det(Σ(S−, S+)) for each
pair (S−, S+) of non-degenerate loops, such that
o(S1, S3) = o(S1, S2)#o(S2, S3),
for each triplet (S1, S2, S3). The existence of (uncountably many) coherent
orientations for Σ is proved in [5, Theorem 12].
Let M be a closed oriented manifold of dimension n and let H ∈ C∞(T ×
T ∗M) be a Hamiltonian. Let τ∗ : T ∗M →M denote the bundle projection. Let
P(H) be the set of 1-periodic orbits of the corresponding Hamiltonian vector
field. We assume that every x ∈ P(H) is non-degenerate. Let J be a 1-periodic
ω-compatible almost complex structure on T ∗M , which is assumed to be generic,
so that for each pair x−, x+ ∈ P(H) the space M(x−.x+) of solutions of the
Floer equation
∂su− J(t, u)
(
∂tu−XH(t, u)
)
= 0, (3)
which are asymptotic to x− and x+ for s→ −∞ and s→ +∞ is the zero-set of
a Fredholm section of a Banach bundle which is transverse to the zero-section.
Let us recall how the finite dimensional manifold M(x−, x+) is oriented.
We fix a coherent orientation for Σ. For every x ∈ P(H), we fix once and
for all a unitary trivialization (with respect to J)
Φx : T× C
n ∼= x∗(TT ∗M)
which is vertical-preserving, meaning that the image of T × λ0 is the vertical
subbundle x∗(T vT ∗M), and such that Φx|T×λ0 is orientation-preserving. Such
trivializations are easily built starting from an orientation-preserving trivializa-
tion of (τ∗ ◦ x)∗(TM) (recall that M is assumed to be oriented).
For every u ∈M(x, y), we can find a unitary trivialization Φu of u
∗(TT ∗M)
which agrees with Φx and Φy at {−∞}× T and {+∞}× T (the reason is that
every loop in SO(n) is contractible within U(n), see [1, Lemma 1.7]). Such a
trivialization need not be vertical preserving. By using the trivialization Φu, the
linearization of the Floer equation (3) along u is conjugated to a Fredholm oper-
atorDS in Σ(Sx, Sy), where the asymptotic loops Sx and Sy depend on the fixed
trivializations Φx and Φy. Therefore, the orientation o(Sx, Sy) of det(Σ(Sx, Sy))
induces an orientation of kerDS ∼= TuM(x, y). By [5, Lemma 13], this orienta-
tion does not depend on the choice of Φu and defines an orientation ofM(x, y).
In particular, when µCZ(x) − µCZ(y) = 1, M(x, y) is an oriented one-
dimensional manifold. Denoting by [u] the equivalence class of u in the zero-
dimensional manifoldM(x, y)/R, the quotient ofM(x, y) by the action of R by
translation, we define
ǫ([u]) ∈ {−1,+1}
to be +1 if the R-action is orientation preserving on the connected component
of u in M(x, y), −1 otherwise.
6
If we also assume that H has quadratic growth on the fibers of T ∗M (as
in assumptions (H1) and (H2) of [1]) and that J is C0-close enough to a Levi-
Civita almost complex structure, compactness holds and M(x, y)/R is a finite
set whenever µCZ(x) − µCZ(y) = 1. The integers
n(x, y) :=
∑
[u]∈M(x,y)/R
ǫ([u])
are the coefficients of the boundary operator
∂k = ∂k(H, J) : CFk(H)→ CFk−1(H), ∂kx :=
∑
y∈P(H)
µCZ(y)=k−1
n(x, y) y,
of the standard Floer complex of (H, J). Here, CFk(H) denotes the free Abelian
group generated by periodic orbits of Conley-Zehnder index k.
Let u ∈ M(x, y). The vertical preserving unitary trivialization Φx of x(TT
∗M)
can be continued to a vertical preserving unitary trivialization Ψu of u
∗(TT ∗M)
over R× T. By restriction to
y∗(T vT ∗M) ∼= (τ∗ ◦ y)∗(T ∗M),
the composition Φ−1y ◦ Ψu(+∞, ·) defines a loop U in SO(n). We define δ([u])
to be +1 if either n = 1, or n = 2 and the homotopy class of U in SO(2)
is an even multiple of the generator of π1(SO(2)) = Z, or n ≥ 3 and U is
contractible in SO(n) (equivalently and without making a case distinction on
the dimension n, if U lifts to a closed loop in Spin(n)). Otherwise, we define
δ([u]) to be −1. It is easy to check that this definition does not depend on the
choice of Ψu. Moreover, it depends only on the homotopy class of u among the
cylinders with asymptotics x and y. Furthermore, if the pair (u, v) belongs to
M(x, y)×M(y, z) and (u′, v′) ∈ M(x, y′)×M(y′, z) is the pair (unique up to
translations) which is obtained as right boundary of the component of M(x, z)
having (u, v) as left boundary, we have
δ([u])δ([v]) = δ([u′])δ([v′]). (4)
The coefficients of the twisted Floer complex of (H, J) are defined as
n̂(x, y) :=
∑
[u]∈M(x,y)/R
ǫ([u])δ([u]).
The identity (4) implies that also the operator
∂̂k = ∂̂k(H, J) : CFk(H)→ CFk−1(H), ∂̂kx :=
∑
y∈P(H)
µCZ(y)=k−1
n̂(x, y) y,
is a boundary. The resulting complex (CF∗(H), ∂̂∗) is the twisted Floer complex
of (H, J). Both the standard and the twisted Floer complex change by a chain
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isomorphism when the orientation data (that is the coherent orientation for Σ
and the choice of the trivializations Φx, for x in P(H)) are changed.
If the manifold M is Spin, meaning that the second Stiefel-Whitney class
w2(TM) ∈ H
2(M ;Z2) of its tangent bundle vanishes, we can choose the vertical-
preserving trivializations Φx in such a way that δ([u]) is always +1. More
generally, this is true if f∗(w2(TM)) = 0 for every continuous map f : T
2 7→M .
An example of a manifold which is not Spin but for which the latter condition
holds is the non-trivial S2-bundle over the orientable closed surface of genus 2
(we are grateful to B. Martelli for suggesting us this example).
Indeed, the construction goes as follows: we fix an orthogonal and orientation-
preserving trivialization of q∗0(TM) for a loop q0 : T→M in each free homotopy
class. If q : T→M is a loop which is freely homotopic to q0 and wq : [0, 1]×T→
M is a homotopy between q0 and q, we transport the trivialization of q
∗
0(TM)
along wq and get a trivialization Ψq of q
∗(TM). For every x ∈ P(H) we choose
Φx to be a vertical-preserving unitary trivialization of x
∗(TT ∗M) such that the
induced trivialization of (τ∗◦x)∗(T ∗M) ∼= (τ∗◦x)∗(TM) is homotopic to Ψτ∗◦x.
We claim that with these choices, if u : R× T→ T ∗M is a cylinder which con-
nects two periodic orbits x and y, then δ([u]) = +1. Indeed, we recall that if
E is an n-dimensional oriented Riemannian vector bundle over T2 and Φ is an
orthogonal and orientation preserving trivialization of the restriction of E to a
circle T × {pt}, transportation around the torus defines another trivialization
Ψ of the same restriction and the loop Ψ−1 ◦ Φ : T → SO(n) lifts to a closed
loop in Spin(n) if and only if w2(E) = 0. Then our assertion follows from the
fact that w2(f
∗(TM)) = 0, where f : T2 →M is the torus which is obtained by
gluing the three cylinders wτ∗◦x, τ
∗ ◦ u and wτ∗◦y(−·, ·).
With the above choices, the twisted Floer complex coincides with the stan-
dard one. Since the homology of both Floer complexes does not depend on the
choice of the trivializations Φx, we conclude that when w2(TM) vanishes on
2-tori the twisted Floer homology of T ∗M coincides with the standard one.
3 The chain isomorphism Θ
In this section we recall the definition of the spaces of half-cylinders which de-
termine the isomorphism Θ, together with the construction of their orientations,
and we explain why Θ is indeed a chain isomorphism from the Morse complex
of the Lagrangian action functional to the twisted Floer complex.
If S1, S2 ∈ C
0(T, Sym(2n)) are two non-degenerate loops, orientations o(S1)
of det(Σ+(S1)) and o(S1, S2) of det(Σ(S1, S2)) induce an orientation
o(S1)#o(S1, S2)
of det(Σ+(S2)). This construction is associative. Fix a coherent orientation for
Σ. A compatible orientation for Σ+ is the choice of an orientation o(S) of the
line bundle det(Σ+(S)), for every non-degenerate loop S, such that for every
pair (S1, S2) there holds
o(S2) = o(S1)#o(S1, S2).
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There exist exactly two orientations for Σ+ which are compatible with a given
coherent orientation for Σ.
Assume that the Hamiltonian H , which is still assumed to satisfy the as-
sumption of the previous section, is also uniformly fiberwise convex, meaning
that
dppH(t, q, p) ≥ h0I, ∀(t, q, p) ∈ T× T
∗M,
for some h0 > 0. In this case, Legendre duality defines a Lagrangian L ∈
C∞(T× TM), whose corresponding action functional
E(q) :=
∫
T
L
(
t, q(t), q′(t)
)
dt
has a well-defined Morse complex
∂∗ = ∂∗(E , Y ) : CM∗(E) −→ CM∗−1(E)
on the Hilbert manifold Λ1(M) of closed loops inM of Sobolev classW 1,2. Here
Y is a smooth negative pseudo-gradient vector field for E with the Morse-Smale
property (indeed, under the above assumptions on L, the functional E is just of
class C1,1 on Λ1(M), so it is more convenient to use a smooth pseudo-gradient
vector field, rather than the gradient vector field with respect to a Riemannian
metric, which would be just Lipschitz continuous; this regularity issue had been
overlooked in [1], but has been already corrected in [2]).
Denote by P(L) the set of critical points of E , which coincides with the set
of all loops τ∗ ◦x for x ∈ P(H). If q ∈ P(L) and x ∈ P(H), the spaceM+(q, x)
is the set of all solutions u : [0,+∞[×T→ T ∗M of the Floer equation (3) such
that u(s, ·) converges to x for s → +∞ and the loop τ∗ ◦ u(0, ·) belongs to the
unstable manifold Wu(q) of q with respect to the flow of Y .
For a generic choice of the almost complex structure which appears in the
Floer equation, M+(q, x) is the zero-set of a section
∂+J,H : B
+(q, x)→W+(q, x)
of a Banach bundle which is transverse to the zero-section, and it is a manifold
of dimension m(q)−µCZ(x), where m(q) denotes the Morse index of the critical
point q of E (see [1, Section 3.1]).
Let us fix a coherent orientation for Σ and a vertical preserving unitary
trivialization of x∗(TT ∗M) for every x ∈ P(H) as in the previous section.
Let us fix also an orientation for Σ+ which is compatible with the coherent
orientation for Σ and an orientation of the unstable manifold of every critical
point of E .
These data determine an orientation of M+(q, x), for every pair (q, x) ∈
P(L)× P(H). In fact, if u ∈M+(q, x), the bounded linear operator
TuB
+(q, x)→ Tτ∗◦u(0,·)W
u(q), w 7→ Dτ∗(u(0, ·))[w(0, ·)]
is surjective, has a kernelWu of codimension m(q), and its codomain is oriented
by the orientation of the unstable manifold Wu(q). Therefore, the quotient
TuB
+(q, x)/Wu
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is oriented, and so is the line
Λmax
(
TuB
+(q, x)/Wu
)
.
Let Φu be a vertical-preserving unitary trivialization of u
∗(TT ∗M) over [0,+∞]×
T which agrees with Φx at {+∞}×T. This trivialization conjugates the restric-
tion to Wu of the fiberwise differential at u of the section ∂
+
J,H to an operator
D+S in Σ
+(Sx). Therefore,
det
(
Df∂
+
J,H(u)|Wu
)
∼= det
(
D+S
)
inherits an orientation from o(Sx). Proposition 1.1 implies that this orienta-
tion does not depend on the choice of the vertical-preserving trivialization Φu.
Indeed, if Ψu is another vertical-preserving trivialization, the transition map
U = Ψ−1u ◦ Φu takes values into SO(n) and is such that U(+∞, t) = I.
From the canonical isomorphism
det
(
Df∂
+
J,H(u)
)
∼= det
(
Df∂
+
J,H(u)|Wu
)
⊗ Λmax
(
TuB
+(q, x)/Wu
)
,
we get the required orientation of
det
(
Df∂
+
J,H(u)
)
= Λmax
(
TuM
+(q, x)
)
,
so M+(q, x) is oriented.
In particular, whenm(q) = µCZ(x), the zero-dimensional manifoldM
+(q, x)
is oriented, meaning that each point u ∈ M+(q, x) is given a number ǫ+(u) ∈
{−1,+1}. In this case, the integer n+(q, x) is defined as
n+(q, x) :=
∑
u∈M+(q,x)
ǫ+(u).
The homomorphism
Θ : CM∗(E) −→ CF∗(H)
is defined generator-wise as
Θq :=
∑
x∈P(H)
µCZ(x)=m(q)
n+(q, x)x, ∀q ∈ P(L).
The correct formulation of the periodic part of Theorem 3.1 of [1] is:
Theorem 3.1. The map Θ is a chain isomorphism from the Morse complex{
CM∗(E), ∂∗(E , Y )
}
of the Lagrangian action functional associated to L to the twisted Floer complex{
CF∗(H), ∂̂∗(H, J)
}
of the dual Hamiltonian H.
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Let us explain why Θ is a chain map. Let q ∈ P(L) and y ∈ P(H), with
µCZ(y) = µ(q)− 1. The coefficient of y in ∂̂Θq is the sum∑
x∈P(H)
µCZ (x)=m(q)
n+(q, x)n̂(x, y), (5)
while its coefficient in Θ∂q is the sum∑
r∈P(L)
m(r)=m(q)−1
nM (q, r)n
+(x, y), (6)
where nM (r, q) are the coefficients of the Morse complex. In order to show
that the numbers (5) and (6) coincide, one has to analyze two different gluing
situations.
In the first situation, we have x ∈ P(H) with µCZ(x) = m(q), u ∈M
+(q, x)
and v ∈ M(x, y). The pair (u, v) contributes to the sum (5) by either +1 or −1.
Let W be the connected component of the one-dimensional manifold M+(q, y)
having the pair (u, v) as one of the two limiting points. Let Φu be a vertical-
preserving unitary trivialization of u∗(TT ∗M) which agrees with Φx at {+∞}×
T and let Φv be a unitary trivialization of v
∗(TT ∗M) which agrees with Φx and
Φy at {−∞}×T and {+∞}×T. Assume first that also Φv can be chosen to be
vertical-preserving. In this case, δ([v]) = +1. Moreover, the trivializations Φu
and Φv can be glued and then slightly perturbed in order to produce a vertical
preserving trivialization Φw of w
∗(TT ∗M), where w is an element of W close
to the limiting point (u, v). The trivialization of Φw is an admissible one in the
definition of the orientation of W , so we deduce that in this case the orientation
of W is compatible with the orientation ǫ+(u)ǫ([v]) of its limiting point (u, v).
Consider now the general case, in which it might be impossible to choose Φv to be
vertical-preserving and with the given asymptotics. Changing the trivialization
which is obtained by gluing Φu and Φv into a vertical-preserving one involves
multiplication by a map U : [0,+∞]×T→ U(n) such that U(0, t) ∈ SO(n) and
U(+∞, t) = I, for every t ∈ T. By Proposition 1.2, in this case the orientation
of W is compatible with the orientation ǫ+(u)ǫ([v]) of its limiting point (u, v) if
and only if δ([v]) = 1. We conclude that in every case the orientation of W is
compatible with the orientation ǫ+(u)ǫ([v])δ([v]) of its limiting point (u, v).
The second gluing situation arises on the Morse side and presents no difficul-
ties: we have r ∈ P(L) withm(r) = m(q)−1, an orbit γ inWu(q)∩W s(r) and an
element u ∈ M+(r, y). IfW is the connected component of the one-dimensional
manifoldM+(q, y) having the pair (γ, u) as one of the two limiting points, then
the orientation of W is compatible with the orientation of its limiting point
(γ, u). The standard cobordism argument implies that the two numbers (5) and
(6) coincide, and hence Θ is a chain map.
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4 Proof of Proposition 1.2
Let us start with the following lemma, whose proof is similar to that of Lemma
13 in [5]:
Lemma 4.1. Assume moreover that the loop U(0, ·) is contractible in SO(n).
Then the canonical lift to the determinant bundle of the map (2) is orientation-
preserving.
Proof. Since U(0, ·) is contractible in SO(n) and π2(U(n)) = 0, we can find a
homotopy
r 7→ Ur ∈ C
∞([0,+∞]× T,U(n)), r ∈ [0, 1],
such that
U0 = U, U1(s, t) = V (s) with V (0) = V (+∞) = I, ∀(s, t) ∈ [0,+∞]×T.
Since π1(U(n)) = Z is generated by the homotopy class of the loop
θ 7→
(
e2piθiIC
)
⊕ ICn−1 , θ ∈ T,
we can also assume that
V (s) =
(
e2piθ(s)iIC
)
⊕ ICn−1 , (7)
where θ is a smooth real valued function on [0,+∞] such that θ(0) and θ(+∞)
are integers. By using such a homotopy, it is enough to show that the lift to the
determinant bundle of the map
Σ+(S+)→ Σ+(S+), D+S 7→ V D
+
S V
−1
is orientation-preserving.
By gluing, it is enough to check this fact for a particular S+, for instance
S+(t) = −πI, ∀t ∈ T.
An element of Σ+(−πI) is the operator with constant coefficients D+−piI and it
is enough to check that the canonical map
det(D+−piI) −→ det(V D
+
−piIV
−1)
is orientation-preserving. By the form (7) of V , we may assume that n = 1 and
V (s) = e2piiθ(s), ∀s ∈ [0,+∞].
In this case, the operator D+−piI is surjective and its kernel is
kerD+−piI = SpanR(ie
−pis).
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See Claim 2 in the proof of [1, Theorem 3.4]. A projector onto this one-
dimensional space is the operator
P :W 1,pλ0 (]0,+∞[×T,C)→W
1,p
λ0
(]0,+∞[×T,C),
(Pu)(s, t) := 2π
(∫∫
[0,+∞[×T
e−piσImu(σ, τ) dσ dτ
)
ie−pis.
By considering the homotopy
Vr(s) := V (s/r) = e
2piiθ(s/r), r ∈ [1,+∞[,
it is enough to check that the canonical map
det(D+−piI) = Λ
1(kerD+−piI) −→ det(VrD
+
−piIV
−1
r ) = Λ
1(kerVrD
+
−piIV
−1
r )
is orientation-preserving when r is large. By (1), the family of operators
VrD
+
−piIV
−1
r = ∂s − J0∂t −
2πi
r
θ′(s/r) + πI
converges to D+−piI in the operator norm for r → +∞. Therefore, the restriction
P |kerVrD+
−piI
V −1r
: kerVrD
+
−piIV
−1
r → kerD
+
−piI
is an isomorphism for r large enough and it induces an orientation-preserving
map between Λ1 of these spaces. Thus, it is enough to check that for r large
the composition P ◦ Vr of the maps
kerD+−piI → kerVrD
+
−piIV
−1
r , u 7→ Vru = e
2piiθ(·/r)u,
and
kerVrD
+
−piIV
−1
r → kerD
+
−piI , u 7→ Pu,
is orientation-preserving. Such a composition maps the generator ie−pis into
2π
(∫ +∞
0
e−2piσ
(
cos(2πθ(σ/r)) − sin(2πθ(σ/r))
)
dσ
)
ie−pis.
By dominated convergence, the above integral tends to 1/2π for r → +∞, so for
r large enough the generator ie−pis is mapped into a positive multiple of itself,
which proves that the above composition is orientation-preserving.
Let n = 2 and let us identify R4 with C2. From the proof of Theorem 3.4
in [1], in particular Claim 2, we know that the operator D+−piI is surjective and
has the 2-dimensional kernel {
e−pisiz | z ∈ R2
}
.
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Let ϕ ∈ C∞(R) be a non-decreasing function such that ϕ(s) = 0 for s ≤ 0 and
ϕ(s) = 1 for s ≥ 1/2. Set, for 0 ≤ s ≤ 1/2,
W (s, t) := ω(s)
( (
1− ϕ(s)
)
cos(2πt)− ϕ(s)i −
(
1− ϕ(s)
)
sin(2πt)(
1− ϕ(s)
)
sin(2πt)
(
1− ϕ(s)
)
cos(2πt) + ϕ(s)i
)
,
where
ω(s) :=
1√
ϕ(s)2 +
(
1− ϕ(s)
)2 ,
and, for s ≥ 1/2,
W (s, t) :=
(
−iei
pi
2
ϕ(s− 1
2
) 0
0 ie−i
pi
2
ϕ(s− 1
2
)
)
.
It is easy to check that
W ∈ C∞([0,+∞]× T,U(2)),
and
W (0, t) =
(
cos(2πt) − sin(2πt)
sin(2πt) cos(2πt)
)
, W (s, t) = I ∀s ≥ 1,
for every t ∈ T.
We also set, for r ∈ [0, 1],
Wr(s, t) :=W (r + s, t), so that W0 =W and W1 = I,
and
Tr := (∂sWr)W
−1
r − i(∂tWr)W
−1
r − πI.
We consider the path
[0, 1]→ Σ+(−πI), r 7→ D+Tr ,
in dimension n = 2.
By the identity (1),
Wr(∂s − i∂t + πI)W
−1
r = ∂s − i∂t − Tr. (8)
In particular, for r = 0 there holds
D+T0 =WD
+
−piIW
−1,
while for r = 1
D+T1 = D
+
−piI .
Since the multiplication by W−1r need not preserve the boundary condition
u(0, ·) ∈ λ0 = iR
2, for an arbitrary r ∈ [0, 1] the operator D+Tr is not related to
D+−piI by conjugacy. However, (8) implies that
kerD+Tr =
{
Wru
∣∣ u ∈ W 1,p(]0,+∞[×T,C2), ∂su− i∂tu+ πu = 0,
ReWr(0, t)u(0, t) = 0 ∀t ∈ T
}
.
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A C2-valued function u solves the equation
∂su− i∂tu+ πu = 0
on [0,+∞[×T if and only if
u(s, t) =
∑
k∈Z
e2piikte−pi(2k+1)suk, with uk ∈ C
2.
If such a function is in W 1,p(]0,+∞[×T,C2), then all the coefficients uk with
k < 0 vanish. Therefore,
kerD+Tr =
{
Wru
∣∣ u(s, t) =∑
k≥0
e2piikte−pi(2k+1)suk, where (uk)k∈N ⊂ C
2
is such that u ∈W 1,p(]0,+∞[×T,C2),
and ReW (r, t)
∑
k≥0
e2pikituk = 0 ∀t ∈ T
}
.
(9)
In the following two lemmas we use the above identity to compute the kernel of
D+Tr for 0 ≤ r ≤ 1/2 and for 1/2 ≤ r ≤ 1.
Lemma 4.2. If 0 ≤ r ≤ 1/2 then D+Tr is onto and its kernel is the two-
dimensional space which is generated by the pair of functions
ur(s, t) := Wr(s, t)
(
uˆ0(r)e
−pis + uˆ1(r)e
2piite−3pis
)
,
vr(s, t) := Wr(s, t)
(
vˆ0(r)e
−pis + vˆ1(r)e
2piite−3pis
)
,
where
uˆ0(r) := ϕ(r)
2
(
1
−1
)
+ (1− ϕ(r))2
(
i
i
)
, vˆ0(r) := ϕ(r)
2
(
1
1
)
+ (1− ϕ(r))2
(
−i
i
)
,
uˆ1(r) := ϕ(r)(1 − ϕ(r))
(
−1−i
1−i
)
, vˆ1(r) := ϕ(r)(1 − ϕ(r))
(
1−i
1+i
)
.
Proof. Set uk = (xk, yk) with xk, yk ∈ C. Since 0 ≤ r ≤ 1/2, the vector
W (r, t)
∑
k≥0
e2piiktuk (10)
equals
ω(r)
∑
k≥0
e2piikt
( (
(1− ϕ) cos(2πt)− ϕi
)
xk − (1− ϕ) sin(2πt)yk
(1− ϕ) sin(2πt)xk +
(
(1− ϕ) cos(2πt) + ϕi
)
yk
)
.
Here and in the following equations ϕ is evaluated at r. Therefore, the real part
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of (10) vanishes if and only if the following two equations hold:∑
k≥0
(
cos(2πkt)
(
(1− ϕ) cos(2πt)Rexk + ϕImxk − (1− ϕ) sin(2πt)Re yk
)
− sin(2πkt)
(
(1− ϕ) cos(2πt)Imxk − ϕRexk − (1− ϕ) sin(2πt)Im yk
))
= 0,∑
k≥0
(
cos(2πkt)
(
(1− ϕ) sin(2πt)Rexk + (1− ϕ) cos(2πt)Re yk − ϕIm yk
)
− sin(2πkt)
(
(1− ϕ) sin(2πt)Im xk + (1 − ϕ) cos(2πt)Im yk + ϕRe yk
))
= 0.
By using the identities
cos(2πkt) cos(2πt) =
1
2
(
cos(2π(k + 1)t) + cos(2π(k − 1)t)
)
,
cos(2πkt) sin(2πt) =
1
2
(
sin(2π(k + 1)t)− sin(2π(k − 1)t)
)
,
sin(2πkt) cos(2πt) =
1
2
(
sin(2π(k + 1)t) + sin(2π(k − 1)t)
)
,
sin(2πkt) sin(2πt) =
1
2
(
− cos(2π(k + 1)t) + cos(2π(k − 1)t)
)
,
and the fact that the set{
cos(2πkt)
}
k≥0
∪
{
sin(2πkt)
}
k≥1
is an orthogonal family in L2(T), we find that the previous two equations are
equivalent to the following infinite system:
1−ϕ
2 Rex1 + ϕImx0 +
1−ϕ
2 Im y1 = 0,
1− ϕ
2
Re y1 − ϕIm y0 −
1− ϕ
2
Imx1 = 0,
1−ϕ
2 (2Rex0 +Rex2) + ϕImx1 +
1−ϕ
2 Im y2 = 0,
1−ϕ
2 (2Re y0 +Re y2)− ϕIm y1 −
1−ϕ
2 Imx2 = 0,
− 1−ϕ2 (2Re y0 − Re y2)−
1−ϕ
2 Imx2 + ϕRex1 = 0,
1−ϕ
2 (2Rex0 − Rex2)−
1−ϕ
2 Im y2 − ϕRe y1 = 0,
1−ϕ
2 (Rexk−1 +Rexk+1) + ϕImxk −
1−ϕ
2 (Im yk−1 − Im yk+1) = 0,
1−ϕ
2 (Re yk−1 +Re yk+1)− ϕIm yk −
1−ϕ
2 (−Imxk−1 + Imxk+1) = 0,
− 1−ϕ2 (Re yk−1 − Re yk+1)−
1−ϕ
2 (Imxk−1 + Imxk+1) + ϕRexk = 0,
1−ϕ
2 (Rexk−1 − Rexk+1)−
1−ϕ
2 (Im yk−1 + Im yk+1)− ϕRe yk = 0,
(11)
for all k ≥ 2. In order to solve this system, it is convenient to consider the
change of variables
ξk = Rexk−Im yk, λk = Rexk+Im yk, ηk = Re yk+Imxk, µk = Re yk−Imxk,
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whose inverse is
Rexk =
1
2 (ξk+λk), Imxk =
1
2 (ηk−µk), Re yk =
1
2 (ηk+µk), Im yk =
1
2 (λk−ξk).
The system (11) can now be rewritten as
(1− ϕ)λ1 + ϕ(η0 − µ0) = 0, (12)
(1− ϕ)µ1 + ϕ(ξ0 − λ0) = 0, (13)
(1− ϕ)(ξ0 + λ0) + (1− ϕ)λ2 + ϕ(η1 − µ1) = 0, (14)
(1− ϕ)(η0 + µ0) + (1− ϕ)µ2 − ϕ(λ1 − ξ1) = 0, (15)
−(1− ϕ)(η0 + µ0) + (1− ϕ)µ2 + ϕ(ξ1 + λ1) = 0, (16)
(1− ϕ)(λ0 + ξ0)− (1− ϕ)λ2 − ϕ(η1 + µ1) = 0, (17)
−(1− ϕ)ξk−1 + (1 − ϕ)λk+1 + ϕ(ηk − µk) = 0, (18)
(1− ϕ)ηk−1 + (1− ϕ)µk+1 − ϕ(λk − ξk) = 0, (19)
−(1− ϕ)ηk−1 + (1− ϕ)µk+1 + ϕ(ξk + λk) = 0, (20)
(1− ϕ)ξk−1 − (1 − ϕ)λk+1 − ϕ(ηk + µk) = 0, (21)
for every k ≥ 2. By adding and subtracting (18) and (21), and (19) and (20),
we can rewrite the equations (18) to (21) as
(1− ϕ)ξk−1 − ϕµk = 0, (22)
(1 − ϕ)λk+1 + ϕηk = 0, (23)
(1− ϕ)µk+1 + ϕξk = 0, (24)
(1 − ϕ)ηk−1 − ϕλk = 0, (25)
for every k ≥ 2.
Let k ≥ 3. From (22) and from (24) for k − 1, we deduce that
ϕ2µk = ϕ(1 − ϕ)ξk−1 = −(1− ϕ)
2µk,
which implies that
µk = 0, ∀k ≥ 3.
Together with (22) and (24), this implies that
ξk = 0, ∀k ≥ 2.
Similarly, (23) for k − 1 and (25) imply that
ϕ2λk = ϕ(1− ϕ)ηk−1 = −(1− ϕ)
2λk,
from which
λk = 0, ∀k ≥ 3,
and, using again (23) and (25),
ηk = 0, ∀k ≥ 2.
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If we add and subtract (14) and (17), and we do the same with (15) and (16),
we can rewrite the equations (14) to (17) as
(1− ϕ)(λ0 + ξ0)− ϕµ1 = 0, (26)
(1− ϕ)λ2 + ϕη1 = 0, (27)
(1 − ϕ)µ2 + ϕξ1 = 0, (28)
(1− ϕ)(η0 + µ0)− ϕλ1 = 0. (29)
By (22) for k = 2 and (28), we find
ϕ2µ2 = ϕ(1 − ϕ)ξ1 = −(1− ϕ)
2µ2,
which implies that
µ2 = 0,
and, using again (22) for k = 2 and (28),
ξ1 = 0.
Similarly, using (25) for k = 2 and (27), we find
λ2 = 0, η1 = 0.
This shows that the infinite system (12) to (21) reduces to the system of four
equations (12), (13), (26), (29) in the unknowns ξ0, λ0, η0, µ0, λ1, µ1, all the
other variables being zero. The space of solutions of such a system is two-
dimensional and consists of the 6-tuples (ξ0, λ0, η0, µ0, λ1, µ1) whose first four
components are related by the identities
(1− ϕ)2(η0 + µ0) + ϕ
2(η0 − µ0) = 0,
(1 − ϕ)2(λ0 + ξ0) + ϕ
2(ξ0 − λ0) = 0,
and the last two are determined by the formulas
λ1 = (1− 2ϕ)η0 + µ0,
µ1 = (1− 2ϕ)ξ0 + λ0.
Going back to the original variables, we conclude that the space of solutions of
the infinite system (11) is two-dimensional and consists of the infinite complex
vectors (xk)k∈N, (yk)k∈N such that x0 and y0 are related by the identities
(1− ϕ)2Re y0 + ϕ
2Imx0 = 0,
(1− ϕ)2Rex0 − ϕ
2Im y0 = 0,
x1 and y1 are given by
x1 = (1− ϕ)Re y0 − ϕImx0 − i
(
(1− ϕ)Re x0 + ϕIm y0
)
,
y1 = (1− ϕ)Re x0 + ϕIm y0 + i
(
(1− ϕ)Re y0 − ϕIm x0
)
,
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and xk = yk = 0 for every k ≥ 2. Therefore, a basis of this two-dimensional
space of solutions is given by the vector
x0 = ϕ
2 + (1 − ϕ)2i, y0 = −ϕ
2 + (1− ϕ)2i,
x1 = ϕ(1 − ϕ)(−1− i), y1 = ϕ(1− ϕ)(1 − i),
xk = 0, yk = 0, ∀k ≥ 2,
and by the vector
x0 = ϕ
2 − (1− ϕ)2i, y0 = ϕ
2 + (1− ϕ)2i,
x1 = ϕ(1 − ϕ)(1 − i), y1 = ϕ(1− ϕ)(1 + i),
xk = 0, yk = 0, ∀k ≥ 2,
We have proved that the real part of (10) vanishes if and only if the infinite
vector (uk)k∈N = ((xk, yk))k∈N belongs to the plane generated by the above two
vectors. Together with the identity (9), this implies that for every r ∈ [0, 1/2]
the kernel of D+Tr is two-dimensional and is generated by the pair of functions
ur(s, t) := Wr(s, t)
(
uˆ0(r)e
−pis + uˆ1(r)e
2piite−3pis
)
,
vr(s, t) := Wr(s, t)
(
vˆ0(r)e
−pis + vˆ1(r)e
2piite−3pis
)
,
where
uˆ0(r) := ϕ(r)
2
(
1
−1
)
+ (1− ϕ(r))2
(
i
i
)
, vˆ0(r) := ϕ(r)
2
(
1
1
)
+ (1− ϕ(r))2
(
−i
i
)
,
uˆ1(r) := ϕ(r)(1 − ϕ(r))
(
−1−i
1−i
)
, vˆ1(r) := ϕ(r)(1 − ϕ(r))
(
1−i
1+i
)
.
Since D+Tr belongs to Σ
+(−πI), it has Fredholm index two and, having a two-
dimensional kernel, it is onto. This concludes the proof of Lemma 4.2.
Lemma 4.3. If 1/2 ≤ r ≤ 1 then D+Tr is onto and its kernel is the two-
dimensional space which is generated by the pair of functions
ur(s, t) :=Wr(s, t)u˜0(r)e
−pis, vr(s, t) :=Wr(s, t)v˜0(r)e
−pis,
where
u˜0(r) :=
(
e−i
pi
2
ϕ(r− 1
2
)
−ei
pi
2
ϕ(r− 1
2
)
)
, v˜0(r) :=
(
e−i
pi
2
ϕ(r− 1
2
)
ei
pi
2
ϕ(r− 1
2
)
)
.
Proof. Set uk = (xk, yk) with xk, yk ∈ C. Since 0 ≤ r ≤ 1/2, we have
W (r, t)
∑
k≥0
e2piiktuk =
∑
k≥0
(
−iei
pi
2
ϕ(r− 1
2
)e2piiktxk
ie−i
pi
2
ϕ(r− 1
2
)e2piiktyk
)
. (30)
The real part of the first component of (30) equals∑
k≥0
((
sin(pi2ϕ(r −
1
2 ))Re xk + cos(
pi
2ϕ(r −
1
2 ))Imxk
)
cos(2πkt)
+
(
cos(pi2ϕ(r −
1
2 ))Rexk − sin(
pi
2ϕ(r −
1
2 ))Im xk
)
sin(2πkt)
)
.
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This expression vanishes for every t ∈ T if and only if
xk = 0, ∀k ≥ 1,
and x0 satisfies
sin
(
pi
2ϕ(r −
1
2 )
)
Rex0 + cos
(
pi
2ϕ(r −
1
2 )
)
Imx0 = 0. (31)
The real part of the second component of (30) equals∑
k≥0
((
sin(pi2ϕ(r −
1
2 ))Re yk − cos(
pi
2ϕ(r −
1
2 ))Im yk
)
cos(2πkt)
−
(
cos(pi2ϕ(r −
1
2 ))Re yk + sin(
pi
2ϕ(r −
1
2 ))Im yk
)
sin(2πkt)
)
.
This expression vanishes for every t ∈ T if and only if
yk = 0, ∀k ≥ 1,
and y0 satisfies
sin
(
pi
2ϕ(r −
1
2 )
)
Re y0 − cos
(
pi
2ϕ(r −
1
2 )
)
Im y0 = 0. (32)
Therefore, the real part of (30) vanishes if and only if uk = 0 for every k ≥ 1
and u0 ∈ C
2 belongs to the two-dimensional real subspace which is spanned by
the vectors u˜0(r) and v˜0(r). The conclusion follows from the identity (9) and
from the fact that D+Tr has Fredholm index two.
The above two lemmas allow us to understand the effect of the conjugacy
by the unitary map W on the determinant bundle of the space Σ+(−πI):
Lemma 4.4. Let n = 2 and let W ∈ C∞([0,+∞]× T,U(n)) be the map which
is defined above. Then the canonical lift to the determinant bundle of the map
Σ+(−πI)→ Σ+(−πI), D+A 7→WD
+
AW
−1,
is orientation-reversing.
Proof. Since
uˆ0
(
1
2
)
=
(
1
−1
)
= u˜0
(
1
2
)
, vˆ0
(
1
2
)
=
(
1
1
)
= v˜0
(
1
2
)
,
and
uˆ1
(
1
2
)
= vˆ1
(
1
2
)
= 0,
the basis ur, vr of kerD
+
Tr
which is defined in Lemmas 4.2 and 4.3 depends
continuously on r ∈ [0, 1]. Notice also that
Wu1 = −u0, Wv1 = v0. (33)
20
Let us fix one of the two orientations of det(Σ+(−πI)), for instance the one for
which u1 ∧ v1 is a positive generator of the line
det
(
D+T1
)
= det
(
D+−piI
)
= Λ2
(
kerD+−piI
)
.
Since Tr is onto for every r ∈ [0, 1] and its kernel is generated by the pair of
vectors ur, vr, which depend continuously on r, u0 ∧ v0 is a positive generator
of the line
det
(
D+T0
)
= det
(
WD+−piIW
−1
)
= Λ2
(
kerWD+−piIW
−1
)
.
On the other hand, the generator of the above line which is canonically induced
by u1 ∧ v1 by means of conjugacy of D
+
−piI by W is
(Wu1) ∧ (Wv1) = (−u0) ∧ v0 = −u0 ∧ v0,
where we have used (33). Since this generator is negative, the canonical map
det
(
D+−piI
)
→ det
(
WD+−piIW
−1
)
is orientation reversing. Then same fact is true for everyD+A ∈ Σ
+(−πI) because
Σ+(−πI) is connected.
We are finally ready to prove Proposition 1.2:
Proof of Proposition 1.2. When n = 1, SO(1) = {I}, so the assumption of
Lemma 4.1 is trivially satisfied and case (i) of Proposition 1.2 holds.
Let n = 2 and let W be as above. By Lemma 4.1 and Lemma 4.4, together
with the functoriality of the canonical mapping between determinant bundles
which is induced by composition by isomorphisms, we deduce that the canonical
lift to the determinant bundle of the map
Σ+(−πIC2)→ Σ
+(−πIC2), D
+
A 7→W
kD+AW
−k, k ∈ Z,
is orientation-preserving if and only if k is even.
Since for n = 2 an arbitrary U as in the hypothesis is of the form U = V ·W k,
where V satisfies the hypotheses of Lemma 4.1 and k ∈ Z, we deduce that case
(ii) of Proposition 1.2 holds in the particular case S+ = −πIC2 .
Now let n > 2. If U =W ⊕ ICn−2 and S
+ = −πICn , the canonical lift to the
determinant bundle of the map
Σ+(−πICn)→ Σ
+(−πICn), D
+
A 7→ UD
+
AU
−1,
is orientation reversing, as one deduces from Lemma 4.4 and from the fact that
within Σ+(−πICn) one has maps which preserve the splitting C
2⊕Cn−2. Since
an arbitrary U as in the hypothesis is either such that U(0, ·) is contractible
within SO(n), or of the form V · (W ⊕ICn−2) where V satisfies the hypotheses of
Lemma 4.1, we deduce that case (iii) of Proposition 1.2 holds in the particular
case S+ = −πICn .
Therefore, Proposition 1.2 holds for every dimension when S+ = −πI. The
case of a general S+ follows by gluing.
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